Accurate electronic structure calculations for diatomic molecules have been performed, using the KriegerLi-Iafrate ͑KLI͒ approximation to the optimized potential method ͑OPM͒ for the evaluation of the exact exchange potential of density-functional theory. It is found that the KLI scheme provides an excellent approximation to the full OPM for these systems. The deviations between both variants of the OPM are smaller than the differences resulting from the use of different basis sets. Furthermore, it is shown that the spectroscopic constants obtained with the exchange-only KLI approach are very close to Hartree-Fock values.
I. INTRODUCTION AND SUMMARY OF CONCLUSIONS
The concept of implicit exchange-correlation ͑XC͒ energy functionals, in which not only the single-particle density but also the Kohn-Sham ͑KS͒ orbitals are used to represent the effective single-particle potential of density-functional theory ͑DFT͒ ͓1͔, is attracting more and more interest ͓2-17͔. This approach has the advantage that it allows to treat the exchange part E x of the XC functional in an exact fashion, which guarantees the complete cancellation of selfinteraction. As a consequence, it permits a discussion of negative ions ͑see, e.g., Refs. ͓4,9͔͒, in contrast to the standard density functionals, i.e., the local-density ͑LDA͒ or generalized-gradient approximations ͑GGA͒. Moreover, it has recently been demonstrated that the combination of the exact E x with an orbital-dependent correlation functional allows the description of van der Waals bond systems ͓17͔, in contrast to the LDA and GGA. This fosters the hope that appropriate implicit functionals will be able to overcome other limitations of the LDA and GGA, as the prediction of the correct ground state of strongly correlated systems such as the 3d transition metals.
For implicit XC functionals the corresponding multiplicative XC potential v XC has to be calculated via the optimized potential method ͑OPM͒ ͓18,19͔. In the OPM an integral equation has to be solved to obtain v XC , requiring the knowledge of the complete KS single-particle spectrum, irrespective of the nature of the XC functional. Consequently, the full solution of the OPM integral equation is a rather time-consuming procedure ͑especially for nonspherical systems͒. A very efficient approximation to the OPM equation has been introduced by Krieger, Li, and Iafrate ͑KLI͒ ͓2͔. It has been shown that the KLI approximation gives very accurate results both for light ͓5͔ and heavy ͓20͔ atoms. The KLI approximation has also been applied to molecules ͓11,14,17͔ and, within the pseudopotential approximation, to solids ͓8,10͔ ͑see also Ref. ͓3͔ where a combination of the KLI approximation inside the muffin tin with the LDA in the interstitial regime was used͒. Recently, first results for molecules beyond H 2 ͑for H 2 see Ref. ͓12͔͒ have been presented in which the full OPM integral equation has been solved using basis set schemes ͓15,16͔. Relying on these results, we assess in this contribution the accuracy of the KLI approximation in the molecular context. In addition, we provide allelectron results for diatomic molecules including a full optimization of the bond lengths.
For this conceptual study we restrict ourselves as in Refs. ͓15,16͔ to the exchange-only ͑X only͒ limit ͑the addition of LDA or GGA correlation does not lead to a systematic improvement; compare Refs. ͓12,14͔͒. We find that the differences between full OPM and KLI results are smaller than the deviations originating from different basis sets and that the spectroscopic constants obtained with the KLI approximation are in very good agreement with Hartree-Fock ͑HF͒ data. Given these observations, the KLI approximation appears to be fully justified in the case of molecules. In fact, compared with the full OPM the KLI approximation either allows to employ larger basis sets within the same computational budget, in this way providing access to larger systems, or to reduce the computational demands for given basis-set size.
II. TECHNICAL DETAILS
The general concept of the OPM and of the KLI approximation has been extensively discussed in the literature ͑see, e.g., Ref. ͓12͔͒. Here we thus restrict ourselves to providing the technical details of our approach to diatomic molecules. For the solution of the two-center Kohn-Sham equations we use prolate spheroidal coordinates ,,,
͑3͒
where r 1 , r 2 are the distances between the electronic coordinate r and the two nuclei at the positions (0,0,ϮR/2), r 1,2 ϭ͓x 2 ϩy 2 ϩ(zϮR/2) 2 ͔ 
where the L n m and P l m are generalized Laguerre polynomials and associated Legendre functions, respectively, and a is an ͑the only͒ adjustable parameter. With this expansion the KS equations
͑7͒
can be recast as an algebraic eigenvalue problem
where mϭ0,1, . . . ,m max and
The overlap and kinetic matrix elements ͗nlm͉nЈlЈm͘ and ͗nlm͉t ͉nЈlЈm͘ can be evaluated analytically ͓22͔. The potential matrix elements ͗nlm͉v s, ͉nЈlЈm͘ have to be integrated numerically. Eq. ͑8͒ has to be solved self-consistently, with v s, corresponding to the spin densities
where ⑀ F is the Fermi energy.
In the X only limit considered here v s, consists of the nuclear potential v ext , the Hartree potential v H and the OPM exchange potential v x, ,
For the evaluation of v H a multipole expansion has been used,
͑11͒
The expansion coefficients L have been calculated by solution of the corresponding differential equations
(nϭn ↑ ϩn ↓ ) via a shooting procedure. Compared with a direct integration ͓on the basis of Eq. ͑17͔͒ this leads to much more accurate Hartree potentials and energies ͓for the boundary conditions for Eq. ͑12͒ see Ref.
͓23͔͔. The evaluation of v x, requires the solution of the OPM integral equation, which for the present, two-dimensional situation reads
with
For the calculation of the central ingredient of the exact exchange E x , the Slater integral (ab͉͉ba), a multipole expansion of the Coulomb interaction ͓24͔ can be utilized,
and Q L M denoting the associated Legendre functions of second kind ͑for arguments у1). Insertion of Eq. ͑5͒ and an equivalent expansion of v x, into Eq. ͑13͒ allows us to rewrite the OPM integral equation as an algebraic problem.
However, the full solution of the OPM integral equation is a rather time-consuming procedure, requiring the evaluation ͑and storage͒ of all excited KS states for the determination of the Greens function ͑14͒. In prolate elliptic coordinates the much more efficient KLI approximation ͓2͔ to Eq. ͑13͒, which results from a closure approximation for G km , is given by
͑20͒ ␦E x /␦ km is easily evaluated from Eqs. ͑16͒,͑17͒. At this point Eq. ͑18͒ still represents an integral equation for v x, . However, this character may be dealt with either by evaluation of v km ͓5͔ or by self-consistent iteration of Eq. ͑18͒ ͓20͔ ͑which has been applied in this work͒. As in the general situation, the integral equations ͑13͒ and ͑18͒ determine v x, only up to some global constant. This constant is fixed by requiring lim →ϱ v x, (,)ϭ0. For the implementation of this requirement one needs the asymptotic behavior of v x, far from the molecule. Neglecting all corrections which are exponentially suppressed, only the highest occupied orbital ⌿ is relevant on both sides of Eq. ͑13͒ and one ends up with
The asymptotically dominant monopole contribution reads
͑22͒
Finally, for r 1 ,r 2 ӷR Eq. ͑22͒ reduces to the standard relation v x, ϳϪe 2 /r. However, in view of the finite grid used for the present calculations ͑see below͒ Eq. ͑21͒ has been used to normalize v x, .
In our calculations the basis parameter a has been chosen so that the position r 1 ϩr 2 of the outermost node of the highest Laguerre polynomial L n ͉m͉ ͓(Ϫ1)/a͔ in the basis remains invariant when R varies. This essentially leads to a proportionality of a with 1/R. For both the Hartree and the exchange term the multipole expansion has been truncated at the highest angular momentum available in the basis l max . This is consistent with the fact that the multipole expansion of the density is completely determined via Eq. ͑9͒ only up to lϭl max . The actual values for l max ͑between 19 and 29͒ have been chosen so that the atomic ground-state energies obtained with the two-center basis did not vary on the 0.01 mhartree level for the complete range of R values required. n max was set between 14 and 19. All numerical integrations were performed via Gauss-Legendre quadrature. The grid always covered the range r 1 ϩr 2 рRϩ40 bohr. A transformation made sure that the mesh point distribution was close to the standard logarithmic grid used in atomic calculations for the core region. -grid sizes of 128 to 512 points and an -grid size of 64 points have been used for the evaluation of Eq. ͑17͒.
For the determination of the energy surface
the atomic reference energies E tot ͓X͔(R) have been evaluated with the same code, grid, and basis used for the molecular calculations at the complete set of R values, in order to cancel errors due to the finite grid and basis-set sizes as much as possible. As in our OPM approach the dominating source of numerical errors is the integration required for the Slater integrals ͑17͒ ͑compare the discussion in Ref. ͓17͔͒ inaccurate energies mainly originate from integrations involving the core orbitals. When subtracting consistent values for E tot ͓X͔(R), the accuracy of E b (R) is thus enhanced by at least one order of magnitude.
III. RESULTS

A. Atoms
The absolute accuracy achieved by the procedure of Sec. II can be gleaned from Table I where the ground-state energies of some prototype first row atoms are listed. The energies obtained with the present two-center basis set ͑BS͒ approach are compared with those resulting from a highly accurate one-center code relying on finite differences ͑FD͒ methods ͓6,12͔. For all closed-͑spin͒shell elements studied the differences between the BS and FD energies are smaller than 0.2 mhartree. The error becomes somewhat larger with increasing Z, in accordance with the limited capability of the Hylleraas basis ͑5͒ to represent deep-lying core levels. The fact that for nitrogen our basis-set energy is 0.08 mhartree below the exact E tot is due to the neglect of all multipoles in the repulsive Hartree potential ͑11͒ beyond l max ϭ19 as well as the numerical integration over . It should be emphasized that the description of closed-shell atoms represents a particularly critical test for the two-center basis employed here: There are no basis functions centered on the nucleus and no finite combination of basis functions can restore the spherical symmetry exactly. A further measure of the accuracy of our BS approach thus is the eigenvalue splitting observed for p levels of closed-shell atoms: The single-particle energies of the 3 and 1 states of Nitrogen ͑forming the 2p level͒ agree within 1 hartree, those of Neon within 3 hartree. The level of degeneracy is thus even higher than the accuracy of the total energies, corroborating the fact that for the latter the representation of the 1s orbitals is the dominating source of error.
For comparison the corresponding full OPM ground-state energies ͓12͔ are also given in Table I . As is obvious from the table the deviations introduced by our basis sets are of the same order of magnitude as the differences between the fd OPM and KLI energies. As an example for an open-shell atom we list the ground-state energy of oxygen. In this case the basis set approach allows for a nonspherical ͑i.e., cylindrical͒ density which leads to an energy gain of about 5 mhartree, clearly beyond both our accuracy limit and the difference between OPM and KLI energy. All molecular dissociation energies given below have been calculated with respect to nonspherical densities in the case of open-shell atoms.
B. Molecules
In order to demonstrate the fact that the KLI potential is an excellent approximation to the full OPM potential also for molecules we first list the ground-state energies E tot of a number of diatomic molecules in Table II . The full OPM results in Table II are taken from Ref. ͓15͔ in which Gaussian-type basis sets have been used. As is obvious from this table the size of the basis ͑and, if relevant, grid͒ has more impact on the value of the ground-state energy than the choice between the full and the KLI version of the OPM potential. For a given basis set the full OPM ground-state energy must be lower than that obtained within the KLI approximation, as, by construction, the full OPM potential is the one that minimizes the total energy functional. The only exception is H 2 as a spin-saturated two-electron system: For H 2 the KLI potential in principle coincides with the full .) The differences between KLI and HF results are even smaller ͓25͔. For bond lengths a maximum deviation of 0.04 bohr is found for Li 2 , while the average deviation is 0.02 bohr ͑which is less less than 1%͒. For the dissociation energy the differences are of the order of 0.02 eV ͑thus being below the standard quantum chemical accuracy criterion of 1 kcal/mol͒, for force constants they are no larger than 30 cm Ϫ1 . No systematic trend of the deviations can be extracted, consistent with the fact that the error introduced by the basis-set expansions dominates over the error introduced by use of the KLI approximation. One can thus conclude that, as far as spectroscopic properties are concerned, the X-only OPM is physically equivalent to the standard HF approach. An analogous observation has been made for the noble gas dimers He 2 and Ne 2 ͓17͔. 
